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Exercise 2.2

34
Ry — Ry
11 1 1| 4 R3 — Ry 1 1 1 1] 4
1 2 3 4|10 Ry — Ry 01 2 3| 6
1 3 6 0|2 | |0 2 5 9|16
1 4 10 2035 0 3 9 19|31
R1 — Ro
R3—2Ry 1 0 -1 -2 -2
Ry — 3Rz 0 1 2 3| 6
1o o 1 3| 4
L0 0 3 10| 13
R1 + R3
Ry — 2R3 1 0 o0 1 2
R4 —3R3 0 1 0 —-3|-2
0 0 1 3| 4
0 0 0 1 1
R1 — R4
Ra + 3Ry 1 0 0 0]1
R3 —3R4 01 0 0]1
0 0 1 01
0 0 0 1|1

—a=b=c=d=1

39 We need to show that the linear system can be reduced to a reduced row
echelon form with identiy matrix on the left-side. Since the coefficients
are variables, we should be careful not to divide by zero.

(a) a #0
Rl/a
a b|r Ry —cRy 1 b/a r/a
c dls 0 d—bc/a|s—cr/a
R2/ad—bc
Ri—(bfayrs [1 o]zt
S =




(b) a=0
Note that b # 0 and ¢ # 0 since a = 0 and ad — be # 0.
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R1<—>R2 c d
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By (1 dge e
4>[0 1 s/b]
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Ry —(d/o)Ry  [1 o] brods
0 1

51 Two equations are
U- T =urxy + usxo + uzrz =0

and
VX =121 + Voo + v3x3 = 0.

Therefore we have a (homogeneous) linear system with its augmented

matrix
0]
(a) up #0or vy #0
We can assume that u; = 0 since the case v; # 0 can be done in the

up Uy U3
U1 U2 U3

same way.
Rl/ul
ur us ug |0 Ry — 1Ry 1 'LLQ/’LLl U3/U1 0
- - -
vi vy w3 |0 0 w9 —wvjug/uy w3 —viug/ug | 0
UV — U2V
Ry [ mirz—zil
Ry — “2R, ug  u2(uivz—ugzvi)
U1 10 u w1 (u1ve —u2vy) 0
0 1 __ U3V —Uujv3 0
U1V2—U2V]
i 1 0 luve—usv)—us(uvs—ugwy) |
= u1 (u1ve —uzv1)
__U3v1 —uj1v3
L 0 1 U1 V2 —U2V1 0
I 1 0 _Ul(UZ’US—u.’S'UZ) 0
_ u1(u1v2—uzv1)
__uU3vi; —uj1v3
L 0 1 U1 V2 —U2V1 0
M __ U2V3—U3V2
J— 1 0 ULV2—U2VT 0 :|
- __u3v1—ujv3
L 0 1 ULV2—U2V] O
Therefore,
U2V3 — U3V2 U3V — U1V3
= ——""123 and 9= ———""2a3

U1V2 — U2V1 U1V2 — U2V1



hence

U2V3 —U3V2

wiva—uany O | U203 T U302 73
uXv= |18y | = ugv; —uUv3| ——.
trreT e U2 = UV
T3 U1V2 — UV

Uy = v = 0
Note that, in this case, either us # 0 or vy # 0 since, if us = v9 = 0,
u and v are parallel and the cross product is not defined.

0

0

Rl/u2
0} Ry — v Ry [O 1 usz/uz
0

0 0 U2V3 —U3V2
u2

R,/ ¥2va—uavs
2 Uz

Ry — 0 Ry 01 0]0
0 0 1]0
Therefore the solution is
To = T3 = 0
and
1
uxv=1|0
0
Since u; = v; =0, (¢ is a free parameter)
U2V3 — U3V2 U2V3 — U3V2
uzvy —uv3 | t = 0 t

U1V2 — U2V 0

U2V3 — U3V2
therefore u x v is a multiple of |uzv; — uqvs3
U1V2 — U201

Exercise 2.3

a

12 As Example 2.19, we show that any vector, say |b| in R? can be written

c



as a linear combination of the tree vectors.

Ry — 2R, _
1 -1 2 a Rs — 3R, 1 -1 2 a
2 -1 110 0 1 -3|b—2a
3 0 —-1]¢ | O 3 —T7|c—3a
R+ R> _
R3—3R2 1 0 -1 b—a
— 0 1 -3 b—2a
| 0 0 =1 |3a—-3b+c
R3/(-1)
Ry + R3 _
R2+3R3 1 0 0 —4&4—4[)—0
0 1 0| —1la+10b— 3¢
|0 0 1 —3a+3b—c
Therefore
a 1 —1] 2
b| = (—4a+4b—c) | 2| +(—-11la+10b—3¢c) |—1| +(—=3a+3b—c) | 1
c 3 0 | -1
and
1 -1 2
span | [2],|-1|,] 1 =R?
3 0 -1

19

u=1lu+0(u+v)+0(u+tv+w)
v=(-lu+1l(u+v)+0(u+v+w)
w=0u+(-1)(u+v)+1l(lu+v+w)

43 (a) The three vectors are linearly independent if and only if the equation
calu+v)+e(v+w)+ceg(u+w)=0
is satisfied for ¢; = ¢g = ¢3 = 0. Now
c1(u4v)+ca(v+w)+es(u+w) = (e1+e3)ut(c1+e2)v+(catez)w =0
only when
ci+c3=0 and ¢;+c=0 and co+c3=0

since w,v, and w are linearly independent. It is straightforward to
show that the solution of the linear system

c1 + ¢33 = 0
c1 + ¢ =0
co + c3 = 0



is ¢ = ¢g = ¢3 = 0. Therefore the three vectors are linearly indepen-
dent.

(b) In the same way,

c1(u—v)+ea(v—w)+ez(u—w) = (c1+c3)ut(—c1+co)v+(—ca—cz)w = 0

if and only if the following linear system has solution.

C1 + c3 = 0
-1 + c = 0
—Cy — €3 = 0

It is straight forward to show that the above linear system has a

solution ¢; = ¢y = c¢3 = 0 therefore the three vectors are linearly
independent.

Exercise 2.4

6 Let the number of bags for house blend, special blend, and gourmet blend
x, y, and z, respectively. Then

300z + 200y + 100z = 30,000 (Colombian beans)

50z + 200y + 350z 15,000 (Kenyan beans)

150z + 100y + 50z = 15,000 (French roast)
R,/300

Ry — 50R,
300 200 10030000 1 p- 1s0m, |1 2/3  1/3| 100

50 200 350 | 15000 0 500/3 1000/3 | 10000

150 100 50 | 15000 0 0 0 0
Ra/(500/3)
Ry — (2/3)R, 1 0 —1]60
0 1 2|60
00 0O

The solution is

r=1t+4+60
y=60—2¢
z=1t

The overall profit is

0.502 4 1.50y 4 2.00z = 0.50((t + 60) 4 3(60 — 2t) + 4t) = 0.50(240 — ¢)

which is maximized when ¢t = 0. Therefore the profit is maximized when

x = 60
y = 60
z=0.



14 Let the amount of each molecules as follows:
02H20l4 CG(OH)Q CQHCZ?, CCLCZQ HQO
T €2 €3 T4 x5

Then we get the linear system for each atom as follows:

C: 2.’E1 = 2.’E3

H: 2x1 + 2125 = 23 +  2z5
Cl: 4dxq = 3x3 + 2x4

Ca: Tog = Ty

O 20 = s

which can be converted to a homogeneous lineary system

2 —2 Ty
2 2 -1 -2 )
Ax = | 4 -3 -2 z3| = 0.
1 -1 Ty
2 -1 Is
Using GNU Octave, we can get the reduced row echelon form of A as
follows
1 -1
1 —1/2
1 -1
1 —1/2

Therefore, with x5 =t as the free parameter, the solution is

t 1
1/2t 1/2
x = t | = 1|t
1/2t 1/2
t 1

and the simplest form of solution is

X1 2
To 1
3| = 2
T4 1
Is 2

16 (a) By the conservation law, we can set up the equations at each inter-
section as follows

intersection  flow-in flow-out
A: 10+10 =  fi+ fo
B : fl + f3 = 20+ 5
C: fo+fr = 15410
D : 15+156 = f3+ fa



which can be converted to the linear system

11 fi 20
1 1 fl | 25
Az = 1 1| ] 7| 25
11| |f 30

A can be converted to a reduced row echelon form as follows:

11 20 1 1 20
1 1 25 Ry — Ry -1 1 5
1 1125 1 1125
1 1130 i 1 1130
(=1)Rq
Ri—Ry [1 1 25 ]
R3 — Ry 1 -1 -5
1 11/ 30
I 1 1] 30 |
Ry — R3
Ry+Rs [1 —1| =51
Ry — R3 1 1] 25
- 1 1] 30
0

Therefore, with f; =t as the free parameters, the solution is

I3 t—5 1 5
£l Lo | | 25
fil T 30—t | T =1 || s0
fa t 1 0

(b) If fy = 10 then ¢t = 10 therefore the solution is

J1 5
fol | 15
f3l | 20
fa 10

(c¢) Keeping in mind that any flow should have nonnegative value,

fi=t—5>0 — t>5
fo=25-t>0 — <25
f3=30-t>0 — ¢<30

fi=t>0 — t>0

Overall, the range of t is
5 <t <25



hence the range of each flow is

0 < A < 20
0 < fo < 20
5 < fs < 25
5 < fa <025

(d) We can easily flip the direction of each flow by allowing nonpositive
values for each flow. Therefore,

fi=t—-5<0 — t<5
fo=2—t<0 — t>25
f3=30—-t<0 — t>30

fi=t<0 — t<0

Since there is no ¢ satisfying all the conditions, the system has no
solution.

44
Alx =D (2* + 2+ 1) (2* + 1> + Br(2? + o+ 1)(2* + 1) + (Cx + D)a(x — 1)(2* +1)3
+(Ez+ Fz(z — 1) (2> + 2+ 1)(2* + 1) + (Gz + H)z(z — 1)(z* + z + 1)(2* + 1)
+ (Iz 4 Jz(x — 1)(2* + 2 + 1)
Exercise 2.5
4
16



