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Exercise 1.2

58 (a) We need to prove both “if” and “only if” statements.

(i) “if” statement: w and v are orthogonal = ||u + v| = ||u — v||
Since u and v are orthogonal, u - v = 0. Firstly,

lutv] = V(u+v) - (ut+v) = V]ull?+ o] +2u-v = ]ul? + [v]2

Secondly,

lu—vl = V(u—v) - (u—v) = V][u] +[[v]> - 2u-v = /]ul]2 + 0]

Therefore, ||u + v| = |lu —v|.
(ii) “only if” statement: ||u+v|| = ||[u—v]|| = w and v are orthogonal
By squaring both sides, we get

lu+vl” = [lu—v|?
(u+v)- (w+v) = (u—v) (u—v)
wl® + [[v]* + 2w v = |Jul]® + [[v]|* — 2u- v
du-v=0

therefore w - v = 0 hence u and v are orthogonal.

(b) From the pictures below, we can conclude that
“Two diagonals of a parallelogram have the same lengths if and only
if it is a rectangle.”
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65 (a)

(uf + u3) (0] +v) — (urv1 + ugvo)?
= [(u1v1)? 4 (u1v2)? + (ugv1)? + (u2v9)?] — [(u1v1)? + (ugv2)? + 2uiv1 Ugvy)
= (u1v2)* + (uzv1)? — 2u1v1U2v2
= (u1v9 — upv1)* >0
therefore
(urv1 4 ugv2)® < (uf + u3) (v} + v3).
(b) The analogue in R? is
(w11 + ugva +ugvs)® < (uf +uj +ug) (v} +v3 +v3).
We can prove it using the same method:
(ui +uj +u3)(vf +v3 +v3) — (urvr + uzvz + uzvs)?
=[(u101)? + (u1v2)? + (w1v3)* (uzv1)? + (u202)® + (u2v3)?(uzv1)? + (uzv2)? + (u3v3)’]
— [(u1v1)? + (ugv2)? + (uzv3)? + 2(urv1U2v2 + UV2U3V3 + UzV3UL VY )]
=[(u1v9)? + (uzv1)? — 2(urv1u2v9)] + [(u2v3)? + (uzv2)? — 2(ugvouzvs)]
+ [(uzv1)? + (u1v3)? — 2(uzvzugvy)]

=(u1v2 — ug1)? + (ugvs — uzv9)? + (uzvy — ugv3)? > 0.

66
. C{u-v
Iproju)ll = || (5 ) u|
u-v
=[G
lu - v
= ||l
[l
_|u- v
[l
< vl
therefore

|- vf < Jull]v].
67 Since u and v — cu are orthogonal,

u-(v—-cu)=0.

Therefore,
u-v—cu-u=>0
hence
u-v
c= ——
u-u



68 First, note that that, for any vectors u and v,

lu+ o < [luf + o]

Proof:

(el + llol)* = [l + 0l = (Jull + [[v])? = (w +v) - (u+v)
= [[ull* + [[ol* + 2llullllv] - [llw]* + [[o]* + 2u - o]
= 2([Juflflvl] —w-v) >0

since, due to the Cauchy-Schwarz Inequality,

u-v < fu-v| < ufvl.

For n = 1, the inequality becomes
[o1]] < [Joa]|

which is true.

Assuming the inequality is satisfied for n = k, i.e.,
o1+ +ogl < floa]l + -+ [log]-
According to the inequality proved above,
lvi + -+ vk + V]| < o+ vkl + vk

Since
o1+ + okl < floafl 4+ + okl

by the assumption, we get
[vit: - +vptvrpll < lvit - Forll+llveall < v+ Aokl +lveal
therefore the inequality is satisfied for n = k + 1 the proof is complete.

Exercise 1.3

26 Let
T

X=1uywy
z

is the point which is equidistant from two points

Tp 1 Tq )
P=1|y | = 0 and Q=1 vy, | =1 2
Zp -2 Zq 4



Then we have the equation

(v — 517;0)2 +(y — yp)2 + (2 — Zp)2 = (o — xq)Q +(y — yq)2 + (2 — Zq)2
which can be converted to
(xp — 2g)2 + (Yp — Yo)y + (2p — 2)y = 5 [2] +yp + 25 — (¢% + v + 27)]

z (p—q) =5(plI* - llal*

N — N —

where &, p and g are the point vectors corresponding to X, P and Q,
respectively. Substituting the values for P and @, we get

x-{ 1 [ =10.

42 (This proof is different from the one I gave in the class.)

First, note that distance equation on p.41 can be converted to
n-p—d
Il
where
a i)
n:= .5 and p:= | yo
C Z0

Let p be the point vector on the plane n - = d;. Then the distance from
p to the plane n - & = ds is given as

1S

47 Since m is orthogonal to every vector p =v —cn € P,

n-v

n-(v—-cn)=n-v-cn-n=0 — c=
n-n

therefore

n-v
p=v—cn=v— n.
n-n



