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Chapter 5: Operators and Laplace Transform



Lesson 24: Differential and Polynomial Operators.



Operator

Definition
A mathematical device which converts one function into another.
Examples:

» differentiating operator: f(x) — f’(x)

» integrating operator: f(x) - F(X) = fx);f(t)dt

Differential Operator

D =y



Polynomial Operator

» A linear combination of differential operators of orders O to n
PD)=a+aD+aD+---+a,D", a,#0

» PD)y == ay™ +---+ a1y + agy, Yn # 0A linear differential
equation with constant coefficients

any™ +an-1y" P+ +ary +ay = QK. an#0
can be expressed as
P(D)y = Q(x).
» Linear: P(D)(c1y1 + C2Y2) = ¢1P(D)y1 + C2P(D)y2

1. If P(D)yy =0, - -+, P(D)yn = 0 then P(D)(Cyy1 + - - - + Ca¥n) = O.
2. If P(D)yc = 0 and P(D)y, = Q(X) then P(D)(Yc + Yp) = Q(X).



Polynomial Operator (cont'd)

» Principle of superposition:
If P(D)y1p = Q1(X), P(D)yzp = Q2(X), - - -, P(D)ynp = Qn(X), then
P(D)(Y1p + Y2p + - -+ + Ynp) = Q1(X) + Q2(X) + - - - + Qn(X).



Algebraic Properties of Polynomial Operators

> (P1+ P2)(D)y := P1(D)y + P2(D)y
> [h(X)P(D)]y := h(x)[P(D)y]

> [P1(D)P2(D)]y := P1(D)[P2(D)y]
» Commultitative:

[P1(D)P2(D)]y = [P2(D)P2(D)ly
» Associative:
P1(D)[P2(D)P3(D)] = [P1(D)P2(D)]P3(D) = P1(D)P2(D)P3(D)
» Distributive:

P1(D)[P2(D) + P3(D)] = P1(D)P2(D) + P1(D)P3(D)



Factoring of Polynomial Operators

P(D) = a,D" +a,1D" 1+ ---+ayD+ay, an#0,
where ag, a1, - - -, a, are constants, then
P(D) = an(D - r1)(D—rz)--- (D —rn),

where rq, I, - - -, I'y are the real or imaginary roots of the
characteristic equation of P(D)y = 0.



Exponential Shift Theorem for Polynomial Operators

Theorem
If
P(D) =a,D"+a, D"+ .- +aD+ay, a,#0

then
P(D)(U(X)e™) = e*P(D + a)u(x).
Corollary
(D - @)"(UX)e™) = *D"u(x)
Corollary

P(D)(ce®™) = ce™P(a)



Solving a Linear D.E. by Means of Polynomial Operators

1. Factor P(D) then the D.E. is expressed as
P(D)y= (D -r1)(D-r2)---(D-rn)y = Q(X)

2. Letup = (D—=ry)--- (D —ryp)y then the D.E. becomes
(D -rur = Q(X).

3. Find uz then we get a D.E.

(D-r2)(D—-r3)--- (D —rn)y = ur(x).

4. Letup = (D —r3)--- (D —rp)y then the D.E. becomes

(D =r2)uz = uy(X).

5. Repeat.



Lesson 25: Inverse Operators.



Inverse Operators

Definition

Let P(D)y = Q(x) where Q(x) is the special function consisting only
of such terms as b, X, sinax, cosax, and a finite number of
combinations of such terms. (a, b constants and k a positive
integer) Then the inverse operator of P(D), written as P~1(D) or
1/P(D), is defined as an operator which, when operating on Q(X),
will give the particular solution y, of the D.E. that contains no
constant multiples of a term in the complementary function y, i.e.,

PYD)QX) =y, or %Q(X) = yp.

» What does “D™"Q(x)” mean?
» P~1(D)(0) =2
> PD)[P~Y(D)Q] =2



Solving “P(D)y = Q(X)” by Means of Inverse Operators

Q(X) = bx< and P(D) = D - &

Q(X) = bx<and P(D) = a,D" + - -- + a1D;
Q(x) = be® and P(a) # 0

Q(X) = bsinax or bcosax

Q(X) = u(X)e™, u(x) is a polynomial in x
Q(X) = be® and P(a) = 0

Q) = Qu(¥) + -+ + Qn(X)

NoO oA wN e



1. Q(X) = bxand P(D) =D — a

1. The D.E.:

y —agy=bx¥, ay#0.

2. This is the Case 1. of Lesson 21A; “No term of Q(X) is the
same as as term of yc. In thie case, yp is a linear combination
of the terms in Q(X) and all its linearly independent
derivatives.”

3. Trial function: Yp = A + A X<t + -+ Apx+ Ag.

4. We get

b k k(k—1 k!
Yp= —— xk+—xk‘1+(—2)xk‘2+---+—k , a#0.
do do ag ay
5. The same result can be obtained as follows:

= ——  (bx¥ =;bk
=5 ® = g



2. Q(X) = bx*and P(D) = a,D" + - - - + a1D1

1. In general, if
P(D) =D"(@nD"™" +--- + &).
2. By the inverse operator, we can solve as follows:
» differentiating followed by integrating:

1 1

== 0.
D'|a,.D" "+ ---+a.1D +a &7

Yo

(0

» integrating followed by differentiating:

1 1,
59|, a0

T aDv +---+a.D+a

Yo

— May introduce terms that are constant multiples of terms in
Ye-



2. Q(X) = bx* and P(D) = a,D" + - - - + a;D1: Example

Example 25.36

y' -2y =5 (D?>-2D)y="5.

1. First, note that

L:_E(“%):_}(“EJr D2/4)
D-2 2 1-D/2 2 2 1-D/2
=_1'(1+9+D_2+D_3+...+D_n+...)
2 2 4 8 2"

2. Yo = 12X+ Cy.



2. Q(X) = bx* and P(D) = a,D" + - - - + a1D1: Example
(cont’d)
Example 25.36

y' -2y =5 (D?>-2D)y="5.

3. Method #1
1 1 1[ 1 1( 5
Y B[m”] 5[‘5(“—* )(5>]—5(‘§)
__5
= 35X
4. Method #2
1 [1 1 D2
yp D——2 [5(5)] = —E (1+ -+ — + )(SX)
__5.5
T2t



3. Q(X) = be®*and P(a) £ 0

The particular solution is

1 be?*
yp: Wbeaxz %, P(a)¢0

Can be proved by setting the trial function y, = Aé® and finding A.
(Try it.)



4. Q(X) = bsinax or b cosax

1. Set Q(x) = bd®.
2. Solve it by matching real/imaginary part.



5. Q(X) = u(xX)e™, u(x) is a polynomial in X

The particular solution is

B 1 X L ax 1
¥ =50 0 = o e

u(x).

Can be proved by “exponential shift theorem”:

P(D)(u(x)e™) = eé*P(D + a)(u(x))



6. Q(X) = be®*and P(a) =0

1. P(D)=(D-a)F(D), F(a)#0.
2. The particular solution is

— 1 X
N CER R
1 1
- oo [Fo ™)
3. Applying “type 3" method, we get
__1 | b
PO [F@)" |
4. By the “exponential shift theorem”,
1] b ebx’
yp—eaxﬁ % _r!F(a)’ F(a)iO




7. Q(X) = Qu(X) + -+ + Qn(X)

By “principle of superposition”,

p__Q()

D) P(D) =—=Q1(x) +

* Q0



Lesson 26: Solution of a Linear Differential Equation by Means of the Par



Partial Fraction Expansion Theorem

Example:
For polynomials P(x) and

Q(X) = (x+ )¢ + b)( + ¢)?
where the degree of P(X) is less than Q(X),

Px) A +Bx2+Cx+D
QX)) x+a x3+b
Ex+F Gx+H I

+ + + +
X*+c  (X®+0)?

» Degree of each numerator?
» Types of denominators?



Partial Fraction Expansion Theorem (cont'd)

For
fX) = (X—r)(X=r2) - (X=re)---(X—rn)
where rq,rp, .-+, I'y are distinct,

1 1 1

f Fx-r) Pmx=-r)



Solving a L.D.E. by Means of the Partial Fraction
Expansion of Inverse Operators

1. The D.E.:
P(D)y = Q(x).
2. Partial fraction expand:
1 1 ++
P(D) Pi(D) P«(D)

3. The particular solution is

Yo = QW . . QX
PTRD) T PKDY




Lesson 27: The Laplace Transform. Gamma Function.



Improper Integral

> o f()dx.
» Existence and convergence:

oo h
f f(X)dx = Iimf f(x)dx = L.
: R

Theorem
If the improper integral

f e ¥f(X)dx, 0< X< oo,
0

converges for a value of s = 5, then it converges for every s > .



Laplace Transform

L[f(X)] =F(9 = j; ) e ¥f (X)dx.

Assuming that f(x) is a function for which the improper integral on
the right converges.
Properties:
» Linear: L[cify + Cofz] = i L[f1] + 2L [f2].
» Invertible: L[f1] = L[f2] if and only if f; = fo.
— Inverse Laplace transform: If £ [f(X)] = F(s), then
L7H{F(9)) = f(¥).



Laplace Transform Method
1. ForaL.D.E.

2y (x) + - + ary () + aoy = f(),
we get
L]any® +--- + a1y () + aoy|
=an L[y |+ ally]+aLllyl = LIFX]. s>
2. Assuming (27.28)
lime SyWM¥x)=0, k=0,1,2,---,n-1, s>,
we get
LIY]=-y(0) +sL[y].
In general, (27.33)
L[y =s"L]y]
— (Y™ (0) + /" 2(0) + -+ + 2y (0) + ST y(0)) .
— s"Ly] + Polynomial of sl



Laplace Transform Method (cont'd)

3. We can rearrange as (27.4 and 27.41)
LIy|=F(), s>s

then
y=L1{F(@).

Note

» F(s) can be evaluated if initial conditions
y(0),y(0), - - - , Y™ 1(0) are given.

» The Laplace transform method has changed the original
differential equation involving derivatives, to an algebraic
equation involving a function of s.



Laplace Transform of Simple Functions

L[K] :l—< s> 0.
s

s>0,n=12,---.

...and more. (See the table on p.306)

Theorem
IfF(S) = L[f(¥], s> %

FO( = (-1 L [XF (9] = (~1)" f " S0t ()l
0
— L[x"f(X)] can be obtained from L [f(X)].

$> 5.



Faltung (Folding) Theorem

Theorem
If

F(9 = LIf¥] and G(s) = L[g(X)]

L[ fo f(x— t)g(t)dt] = L[ fo f(tox - t)dt]
= L[f(]- L{9KX] = F(9) - G(9)

then



Laplace Transform of x1/? and x"-1/2?

We need Gamma function!



The Gamma Function

v

Extension of factorial function to real and complex numbers.
Ik = f XleXdx, k> 0.
0

r)=1 and I'(k+1) =kr(K)

—-T(n+1) =n" ninteger.
3 I'(k+n)

» T'(k) = Kk D). (k+n=1)° k#0,-1,---,—(n-1).

— Extended to negative values of k, provided that

k+#0,-1,---,-(n-1).

Example: T'(-1/2) = -2I' (1/2).

Euler's reflection formula

v

v

v

T



The Gamma Function (cont'd)

Gamma function




Laplace Transform and the Gamma Function

L [Xn] — F (Sr;‘:- 1)

n!
— The Laplace transform £ [x"] = provs s> 0, can be extendedn

to any n, except negative integers.
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