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a+1

2%dx = +C

) a+1

—dx =log|z|+ C

T

sinzdr = —cosx + C

cosxdr = sin +C

1 1
5 de:—tanflf—i—C
xre +a a a

——

Table 1: List of integrals.

1. [80A] ol (first order) ordinary differential equations2] 1-parameter
family of solutiong 7}7} explicit form2 & (y = f(z)] FENZ) +3}
2}. 9FeF I-parameter family of solution© & & 4 ¢l&= particular

solutiono] t}H T A% (explicit form e &) F3}e}.

(a) [20%]

(b) [20] v*y' + 22y3 = 62
(c) [20H] ¥ = (4z +y)?
(d) [208] ¢/ =e* +y—1



solution
(a)

y 4+ y*sine =0

—  —y 2dy = sinzdz

— y l=—cosz+C
1

R —cosz+C

Note that y = 0 is a particular solution which cannot be obtained by
the 1-parameter family of solution.

(b) Let u = y? or use Bernoulli’s eqation method.
Let u = y> then du = 3y%y’ and
v*y + 2xy® = 62
1
— gu/ + 2zu = 62
—  du=6x(3 —u)dx
du

u—3
— log(u —3) = —32% + ¢

— u=Ce ¥ +3 (C =e%)

= —6xdzx

ol

- Y= (C’efgg62 + 3)

(¢) Let u =4z + y then du = 4dx + dy and

dy 2
— = (4
7y = e +y)
du — 4dx 9
- —— =1
dx
du
24 =2
- dx b
—  du = (u® +4)dx
du
— u2+4_d$
1ta -12 +
— = — =
5 n 5 T+ ¢
4
- xTw=tan(2(w+co>>

— y=—4dz+2tan(2z +C) (C = 2¢)



y = +y—1
— (¥ +y—1)de—dy=0

Since 5 5
_P:C7y 7_Q1'ay 1-—
Jy ( ) ox ( ): 0:*1::F(x)
Q(z,y) —1
if a function of z, the integrating factor is h(z) = el Fla)de — of(~1)de _
e ",

e (e* +y—1)dz — e “dy =0
— (" +(y—1)e™®)dz — e "dy =0

The general solution in an implicit form is, with (zg,y0) = (0, 0),

/yj Q(x,9)dy + /: P(&,1y0)dz = /Oy(e_””)dg i /Oz(ei + (0 De=)di

0
= (=ge )5+ (" +e )

=—ye "+e"+e " =cp.

Therefore,

— ye*I + ez + 671 = .

— y=Ce"+1+e”. (C=—c)



. [60"] Tt & Wl 23 o] (Daniel Bernoulli)&= 1760d 9] A Oﬂ—r(smallpox)
o ®H £ (inoculation) Z & 13-& 3 7}(appraising)s}7] 3 AL E
HSech 7o RUL AT oo, Hol A F (contracted) 5]
FaL Aopdow FAY Ft @ﬁ"f-ﬂ,(immunity)ol A7 BE AWl 4
29,

57 A% (= 0)ol Hloly ZE ol 5] 4 Hconfort) & Teiste] theS
o) %oy,

e n(t): o] A F 1d Foll Aopt2 o]E +
o 2(t): o] ATk F td I7x] AATo Add Ho] gl AFE9 4
o p: AAFO 28 AHo| gl Aol AAFol ZelA 2 &E
o v AAFo A8 Aol AT ol = &
o u(t): AT o]9le] Alo] o3} F2 A8
ol wl, AAFo] AY Ho] Y ABEY 7} Zolz = Walef(de/dt)
© the 3t el Folxith
dx
_ - _ t . 1
= (B ut) )

A (Dol Rl A e dAFol 2Y Aol e dHlA
AAFol deA =& AHdse] 9 3ol n, FuA 2 A5
48 #o] Yl Aefoll A AAF o129 Ao osf FE AEE] 9
Eﬂiﬁ_aol:o]r/}_ w3 o] QT A7 9] A} (death rate)2 Th3} o] 3o

Atk
W~ —vr ey )
A A (2)0lA FRO AAA F2 AAFR AT APGEC| L FHA F2
AAF o]9] o] Al &g AbGE ot
(a) [30F] z = z/nole} 3}, 27} t}29) initial value problem& =3¢
= Hoeh
& = B1-v2), 20)=1 3)
= z vz), z(0)=1.
(9] initial value problemo u(t) ek &R o] AP gl =53ke))

|
(b) [20H] A 4] 3)& z(t)E T-sket
(c) [10A8] Wl 230 ?7‘46}04 AL g
o] g3, L}o] 71 2041 1AM E %—
+= F3tzh (AEE AAS 5 9SS T
sin30 T2 log7 5) §& Zﬂ/«]s}@l £t})



solution

(a)

dz d rx
dt ~ dt (H)
z'n —an’
_ -
(—(B+ p)x)n —z(—vBx — pn)

n2

—Bxn + vBa?

n2

= —fBz+ 322
=—pz(1—vz)

% =—0z(1 —vz)

dt
dz
—— = —(dt
- z2(1—vz) g

- <1 - ) dz = —Bdt
z 1l—-vz
— logz—log(l —vz)=—0t+co

—  log S —0t + co
1—vz
Lo Bt — eCo
- 1T, = ae (c1 = €e%)
—Bt 1
cre
z ! = (co=1/c1)

1y veie Bt cheft 4y

Applying the initial condition z(0) = 1, we get co = 1 — v, therefore,

1
(1—v)eft +v

z(t) =

(c) Assigning v = =1/8 and ¢t = 20, we get

1 8

TER 1 TR ~ 0.0927.

2(20) =



3. [903] dd oz AZe o] wawd, ofE SAS] 2HU2E WIH2 =

A &x 2} .4 259 Aol (54 H] & A5 (constant of proportion-
ality) gkoll whet) vje|stet o] & wE9 law of cooling2tal st} o] &
o] & A] WA AR A WAH Al A2 AFFA S 2AT 4 9T}

(a) [10F] AZko] t wlo] AIAl £2E 0(1), AA7E A W e
<=8 T, 223 AA L5 A3 A 7‘% k:E‘rE’_ & o
(k:>0) 0ol T3t ] B9 A2 A l Ak (AAL 22 3 e

EHG E(0>T) NAZE A= % e 2= dAS A

ac}z 747 het.)
(b) [20"] t =0 wj AIAI7} RAS Akl &AL o] of S 3sE AJA1 <
P

(c) [308] ol X 78 AoZi k ke L] wlEo] of 2] APAZHS
FAY 5 Ak k% 7o) As) AR LAR F 1,9 Azke]
52 5 AAY LEE ZF3AEY 0,9th o % o] 83he] k kS
Tateh o wl k gre ZAlA Fol1 FL gkl A T GHES ol
gl Ve of gk

(d) [30%] A% A LE £ Aol Nl AL(6.)7 2The A4 ol A}
ATt E TR o) o]ty e AN oW He ol A T
HES o83l Uehyok @



solution

(a)

db
= — T
= —k(0—-1T)
(b)

db

- T

= —k(0 1)

do
g M

— log(0 —T)=—kt+co

— =T +cre ™ (c; =e*).

Applying the initial condition 6(0) = 6y, we get ¢; = 0y — T therefore
O(t) =T+ (6 — T)e ¥
(¢) Applying 6(t1) = 61, we obtain

91 =T + (90 — T)e_ktl
— (Gp—T)e M =0, - T

0, —T

—kt; =1
- ! OgHO—T
I 1 o 0, —T
— = —— .
B0, —T

(d) Applying 0(tq) = 04, we get

Oy =T+ (fg — T)e Fta

0 —T
—ktyg =1
- d OgGOfT
; 110 04 —T
— = ——
A= T, =T

wherer k is obtained before.



