e Exercise 19.1 (p.210)

If eP* and e9” are linearly dependent, there exist non-zeros constants c;
and c¢o such that
c1eP? 4 coe?” =0,

therefore we get

P = = p#q

Since p # q, the left-hand side of the equation varies with = except = = 0,
while the right-hand side is a constant, therefore the assumption leads to
a constradiction.

e Exercise 20-24 (p.220)

Let the solution be of the form €™ then the characteristic equation is
2 _
m°—m+1=0,

of which roots are

1— /35
mo = ———.

d
an 5

1+ /35
my =0

Therefore, the general solution is

14+V3j 1=V/3j .
ay = c1e 2 + coe 2

o Vi3 V3B
=€ C1 COS T.T—FJSIDT.’I/' Co COS 7$_381n7$

3 3
= ¢%/? <(01 + ¢2) cos \/T_x + (c1 — ¢2)jsin %x)

3 3
— /2 <C3 cos %x + ¢4 8in §x> , C3:=c1+co,cq:=(c1— )]

e Exercise 21-26 (p.231)
First we claim that solving the differential equation

1"

y® 4+ 2y + ¢ =sinz + cosz (1)

is equivalent to solving the differential equation
y(5) + 2y/// + y/ — ejz. (2)
Let Re (z(z)) and Im (z(x)) be the real and imaginary part of a complex

function z(z) = z.(x) + jz;(z), where z.(x) and z;(x) are real functions.
Let Y(z) be the general solution of the differential equation (2). Then,



since 2'(z) = z.(x) + jzi(z), Re(Y(z)) and Im (Y (x)) are the general
solutions of the differential equations

Yy 42y 44y =cosx
and
y(5) + 2y 4+ 9 =sinz,
respectively. Threfore, the genera solution of (1) is Re (Y (z))+Im (Y (z)).

For the homogeneous differential equation

"

y® +2y" 4y =0,

the characteristic equation is
m® +2m3 +m =0,

of which roots are +7, each of which is of multiple 2, and 0. Therefore the
complementary solution is

Ye(x) = co + c1€? + coxe? + cse™ + cywe™.

Now consider the differential equation
y(s) + 2y/// + y/ =2 + ejx_

1. For the term 2z on the right-hand side, since this term is z! times
of the term ¢y of y., this is the case 2 on p.224, with £ = 1. There-
fore the particular solution contains z**t! = z2 and all its linearly
independent derivatives; 2,z and 1.

2. For the term e/* on the right-hand side, since it is 2 times of the
term e’® of y.(r) and €’ is obtained from the 2 multiple root of the
characteristic equation, this is the case 3 on p.227, with £ = 0 and
r = 2. Therefore the particular solution contains z*t7e/® = z2e7®
and all its linearly independent derivatives; z2e/®, 2ze/® and e’®.

Summing up, the triabl function is of the form
yp(z) = Az? + Br + Cax?el”,

(1,7e/® and e/* are not included since they already appear in y.(z).) Its
derivatives are

y,(x) =2Ax + B + 2026l 4 Cjx?el®
yy(r) = 2A + 20e7" 4+ 4Cjzel™ — Cx?e™
Yy (x) = 6Cje’* — 6Cze’” — Cja*el”
y{V () = —120€7™ — 8Cjzel® + Cael”
y® (x) = —20Cje” + 10Cze® + Cja’el”



Substituting these in the differential equation, we get

y$ + 2y 4y, = (—20C5€7® + 10Cze’® + Cjael®)
+2 (GC’jejm — 6Czel® — C’szejx)
+ (2Ax + B +2Cze’* + ijerx)

=2Ax + B — 8Cje’®

=2z + 7%,
The results are A = 1,B = 0 and C = —1/8j, therefore a particular
solution is
2 1 o e 2, J 2 . 2, 1 5. .
yp(x) =2 78—jx et =z +§z (cosz+jsinz) =z +§:c (j cosx—sinx).

Therefore, the general solution is

Y =ye(x) + Re (yp(x)) + Im (y,(z))
2
=co + c16? + come? + cze™I + cyre™ 4+ 2% + %(cos:c —sinx)

=cp+ (1 +¢3)cosx + j(c1 — ¢3)sinx + (ca + cq)xcosx + j(ca — cq)xsinx
2
+ 2% + %(cos:z: —sinz)
2
=Cy + Cicosz + Cysinz 4+ Czzcosz + Cyxsinz + 22 + %(cosx—sinx)

where
Co = C
Cy:=(c1+c3)
Co :=j(c1 —c3)
C3:= (Cg + C4)

04 = j(CQ — C4).

e Exercise 22-12 (p.240)

The characteristic equation of the homogeneous differential equation
y'+2y +y=0

is
m?4+2m+1=0,

of which roots are —1 of multiple 2. Therefore the complementary function

1S

Ye(x) = cree™ + coe™ 7.



Since the number of linearly independent derivatives of e~%/x is infinite,
we need to use variation of parameters method.

Let the trial function be of the form

yp(x) = ui(x)re™ + uz(x)e”

By (22.27) with y1(z) = ze ", y2(x) = e ®,Q(z) = e % /x and az = 1, we
get

Therefore, the particular solution is

yp(x) = ze™® /(l/sc)dx +e " / de = xze " logx + xe™®
and the general solution is

y(@) = ye(x)+yp(x) = crze™ +coe™ *+ae “logx = e” *(cra+co+x logz).

—X

(The term ze™? is not included since it already appears in y.(z).)

Exercise 23-20 (p.247)
22y +xy =0, x#0.
Let £ = e®. Due to the hints in the problem 23.18,
My
dr  du
2Py _ Py dy
dz?  du? du’
therefore the differential equation becomse
(de dy) dy P’y _

du®  du) ' du  du?

du?  du
The solution is
y(u) = cru + co

therefore
y(z) = y(logz) = c1logz + co.



e Exercise 24-22 (p.267) The differential equation
Yy’ + 3y +2y=sinz
can be expressed as
(D?* +3D+2)y = (D +2)(D + 1)y = sinz.

Let u = (D + 1)y, then
(D +2)u =sinzx.

By Lesson 11B, an integraging factor is

ef 2dx —_ 621
and the solution is

1
ey = /62:” sinxdz + ¢ = —5621 (cosx —2sinz) 4+ ¢;

1
—y=—z (cosz — 2sinx) + cre 2%,

Now we get the differential equation

1
(D+ 1)y = —5 (cosz — 2sinx) + cre” 2.
Again, by Lesson 11B, an integrating factor is
ef dr _ e®

and the solution is

1
ety = /ez (—3 (cosx — 2sinz) + 01621) dx + c2

x
= 7(;—0 (3cosx —sinz) —cr1e™ 4 ¢

1
—Y=15 (sinz — 3cosz) — cre %" + coe™ ",

e Exercise 25-29 (p.282)

(D? —11D?* 439D — 45)y = (D — 3)%(D — 5)y = 3.
Due to (25.6) with a =3,b=1,7 =2 and F(D) = (D — 5),




e Exercise 26-15 (p.292)
This is equivalent to solving

1"

y(5) +2y" +y =22+ e,

1. Solving
P(D)y = 2.

By means of partial fraction expansion,

yip(2) = ﬁ@x)
1

= Do) )

1 —D*—2D?
=— 1+ ) e
D< +D4+2D2+1)($)

1 2D% +3D*

=—(1-2D"+—————) (2
D< +D4+2D2+1>(z)
1

= B(QZE)

=22,

2. Solving _
P(D)y = ¢&’".
Since
1 1 1

P(D) ~ D(D2+1)2  D(D+j)2(D —j)?’
by (25.6) on p.278 with a = j,b = 1,7 = 2 and F(D) = D(D + j)?,

; x2el® z2ed® g2 .
Yop(2) == 5 (e77) = 255G + J)2 = ey = g(] cosx — sinx).

Therefore, a particular solution is

yp(x) := Re (y1p(x) + yop(z))+Im (y1,(z) + yop(z)) = x2+%(cos x—sinz).

e Exercise 27-17 (p.311)

3y" +5y" +y —y=0, y(0)=0,5(0)=1,5"(0) = —1.
Comparing the differential equation with (27.2) on p.296, we get

n=3,a3=3,a2=>5,a1 =1,a0 =—1, f(z) =0.



Applying Laplace transform on both sides, due to (27.41) on p.299,

(ass” + azs” + ars + ao) L [y] — (ass” + azs + a1)y(0) — (ass + az)y'(0) — asy”(0)
=33 +55°+s—1)L[y] —(35+5)+3=0

B 35+2 - 3s+2
3834552 +s—1  (s+1)2(3s—1)

— Ly]

Let

A B C
s+1 + (s+1)2+3571
ABs—1)(s+ 1)+ B(3s— 1)+ C(s + 1)?
(s+1)2(3s—1)
(BA+C)s*+(2A+3B+2C)s+(-A—-B+C)
(s+1)238s—1)

Lyl =

Solving the system of equations

3A+C=0
2A+3B+2C=3
—A—-B+C=2,
we get
9 1 27
A—*1—6,B—Z,07E
Therefore,

(
S e R Ev)

e Exercise 28AB-17 (p.322)
(a) Take second derivative of (28.25), we get

" d21' 2 .
2 (t) = W(t) = —cwj sin(wot + 9).

Since | sin(wpt+6)| < 1, |2”(¢)| has its maximum value when | sin(wot+
0)] = 1. Let | sin(woto 4+ 0)| = 1. Then

|z(to)| = [esin(woto + 6)| = |c|.



(b) Since

dz
2 (t) = o = o cos(wot + 9),
the maximum valocity is cwg. The maximum acceleration is given
above as cwg.

(c) Due to (28.35) on p.318, the period is

27 2mawg 27U,

T = 5 = .
wo cwi Gm
The amplitude is
. (cwo)? 02,
= =
cwg Gm

e Exercise 28C-24 (p.331)
(a) Accordint to (28.77) on p.328,

0(t) = ccos (\/g_/lt + 5) .

Since the pendulum starts at the equilibrium position,

6(0) = ccos(d) =0

therefore
s_T
2727
Assuming ¢ > 0 and the angle increases when the pendulum starts
moving,

0(t) = csin <\/g/lt + 3%) = csin (y/g/lt) .
Moreover, since the velocity

0'(t) = c\/g/l cos (\/g_/lt)

iswg at t =0,

0'(0)=cVg/ll=wy — c=wo\/l/g
0(t) = wo l/gsin(\/g_/lt).

(b) Since —1 < sin(y/g/lt) < 1, The pendulum reaches its maximum
displacement when +/g/l = 7/2. Therefore,

max 0(t) = wor/1/g

therefore

at t = m/1/g/2.



Exercise 28D-15 (p.344)
Due to the Hooke’s law (28.62) on p.324,

kE=mg/l=16/8=2 (lb/ft).

Therefore due to the derivation on p.325, we get the differential equation

md% +ky = f(t) — 1 +2y = f(b),

dxz? 2 dx?
since mg = 16 and g = 32ft/sec?. (see p.140)
1. For 0 <t < 1, the differential equation is
Yy’ + 4y = 2€’.
The complementary function is
Ye(t) = c18in 2t + ¢2 cos 2t.
This is the case 1 on p.222, therefore the trial function is
Yp(t) = cae’
and we get
y;’ + 4y, = Segel = 2t — g = 2/5.

Therefore the general solution is
. 2
y(t) = c18in 2t + ¢y cos 2t + €

and
/ : 2 t
y'(t) = 2¢1 cos 2t — 2¢o 8in 2t + s

Since y(0) = 0 and 3/(0) = 0 (the spring is in rest at t = 0),

2
y(o):c2+g:0
, 2
hence
D =2
CcC1 = an 9 = 5

and the general solution is

1
y(t) = g(f sin 2t — 2 cos 2t + 2¢*).



2. Fort > 1:
According to the general solution above, we get the initial conditions

y(1) = é(f sin2 — 2 cos2 + 2e)

y'(1) = é(f2 cos2 + 4sin2 + 2e).
For the differential equation

y" + 4y =0,
which is homogeneous, we have the general solution
y(t) = cqasin 2t + c5 cos 2t
of which derivative is
y'(t) = 2¢4 cos 2t — 2¢5 sin 2t.

Applying the initial condition, we get
1
y(1) = c48in2 + c5cos2 = 3(_ sin2 — 2cos2 + 2e)
1
y'(1) = 2¢4 cos2 — 2¢58in2 = 5(_2C082 +4sin2 + 2e)

of which solution is

1
cy = 3(71+Qesin2+ec082)

1
cy = 3(72+26C0827€Sin2)

therefore the general solution is

1 . . .
y(t) = R ((—1+2esin2 4 ecos2)sin 2t + (—2 + 2e cos 2 — esin 2) cos 2t) .

e Exercise 29A-27(a) (p.358)
The characteristic equation of (29.381) is (with variable n)

n? + (r/m)n + (/1) = 0
of which discriminant is
(r/m)* — 4(g/1).
According to the discussion in Lesson 29A, the system is

1. overdamped if the discriminant is positive:

(r/m)* = 4(g/1) >0 —r?/(4m?) > g/1,

10



2. critically damped if the discriminant is zero:

r?/(4m?) = g/
and

3. underdamped if the discriminant is negative:
r2/(4m?) < g/1.
e Exercise 29B-15 (p.367)

1. For 0 <t < 1, the differential equation is

y//+2y/+2y:67t

whose complementary function is
Ye(t) = E1e 71D 4 el 1m0
= e "(¢1(cost + jsint) + Ex(cost — jsint))

= e (cysint + cacost), (c1 = ¢ + G, ca = j(¢1 — E2)).
Therefore, the trial function is of the form

yp(t) = cset

hence

y;(t) = —cge”t

y;'(t) = cge” ",

Substituting in the differential equation, we get
c3(1—-2+42)et=czel=e " —y,(t)=e "
Therefore, the general solution is
y(t) = e *(1 + ¢y sint + ¢y cost)
hence
y'(t) = e “(—1+cycost — cosint — ¢y sint — o cost).
Applying the initial condition y(0) = y’(0) = 0, we get

y(0) =1+ ¢z =0
y(0)=-1+4c1—c2=0

of which solution is ¢; = 0 and ¢y = —1 therefore

y(t) = e (1 — cost).

11



2. According to the general solution above, the initial conditions are

y(1) = e (1 —cos1)
y'(1) =e H(—1+sinl +cos1).

The general solution of the differential equation
y' 42y +2=0,
which is homogeneous, is
y(t) = e (c3sint + ¢4 cost)

hence
y'(t) = e '(c3cost — cysint — cgsint — ¢4 cost).

Applying the initial conditions, we get

y(1) = e (ezsinl +cqcos1) = e (1 —cos 1)

y' (1) = e (czcos1 —cqgsinl — czsinl — cycos1) = e (=1 +sin1 + cos 1)
of which solution is ¢ = sin1 and ¢4 = cos1 — 1, therefore

y(t) = e " (sinlsint + (cos1 — 1) cost) .
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