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e Excercise 15A, #10. (p.125)
Let

— ¢: time (in minutes) and

— z(t): the amount of the chemical in the tank A (in galon).
The initial condition says x(0) = 300. Then

— x(t)/5000: the concentration of the liquid in the tank A at time ¢
and

— (300 — z(t))/5000: the concentration of the liquid in the tank A at
time ¢.

Therefore, due to the circulation, tank A loses 100 x* x(¢)/5000 galons and
obtains 100 * (300 — z(t))/5000 galons of the chemical, hence we get the
differentil equation:

da(t) x(t) 300 —x(t)) 1
a0 (_ 5000 T 5000 ) = g5 (150 —(t)

which can be converted to the separable form

de(t)  dt
150 — x(t) 25

By integrating both sides separately, we obtain

—log(150 — z(t)) = 2—t5 +co
— 150 —a(t) = e "m0
— z2(t) =150 —cre"F. (¢p = e @)
Applying the initial condition x(0) = 300,
2(0) =150 —¢; =300 — ¢ = —150,

we get .
x(t) = 150(1 + e~ 25).



(a) Let the tank A contains 200 galons of the liquid at time t¢, then

2(to) = 150(1 + e~ ) = 200

_to 200 1
— e = — 1 ==
150 3
to
— %= _log3
DS o8

— to = 25log3 ~ 25.4653072 (minutes).

(b) Impossible, i.e., it takes infinite amount of time since

lim «(t) = 150.

t—oo

e Excercise 15D, #10. (p.133)
Let
— t: time (in days) and
— x0(t): population of the bacteria at time ¢ in natural state.
The conditions says 20(0) = Ny and z(4log2) = 2Ny.
Since the increase rate is proportional to the population, we get

do ()
dt

= kxo(t)
of which solution is
xo(t) = coet.

By applying the condition x(0) = Ng, we get
20(0) = ¢o = No.
By applying the condition z¢(4log2) = 2Ny, we get
zo(4log2) = NoeF41oe2 = 2N,

therefore )
— k==

ek4log2 —9— elogQ 1

and

Now, let z(t) be the population of the bacteria when we extract the bacte-
ria at the uniform rate R per day. Then the differential equation becomes

dx(t)  x(t)
4

== _R
dt




which can be converted to the separable form

de(t)  dt

x(t) —4R 4~
By integrating both sides, we obtain
t
log(z(t) —4R) = 1 +c
— z(t) = coe +4R. (o =€)
By applying the initial condition x(0) = Ny, we get

SC(O):CQ+4R:NO HCQZN()*ZLR.

x(t):4<R+<%—R> ei).

— When R < Ny/4, the coefficient of et/* is positive, therefore the
population increases.

— When R = Ny/4, x(t) = 4R, therefore the population stays the same.

— When R > Ny/4, the coefficient of e!/* is negative, therefore the
population decreases.

Therefore

e Excercise 15E, #9. (p.137)
Let

— t: time (in hours) and

— z(t): the amount of the moisture in the substance at time t¢.
The initial condition says x(0) = 10 1b. Note the followings:

— Since the room is sealed, all the moisture the substance lose is con-
tained in the air, i.e., the moisture content of the air at time ¢ is
x(0) — z(t).

— When saturated, the air can hold 0.015 1b/ft?, therefore can hold
0.015 x 2000 = 30 1b of moisture.

— Initially, the relative humidity (the ratio of the moisture in the air
compared to the saturated amount) of the air is 30%, therefore there
is 0.3 x 30 = 9 Ib of moisture initially.

Now, since the rate of loosing moisture, dz(t)/dt, is proportional to

— x(t): its moisture content and

— 30— (94 x(0) — z(t)): the difference between the moisture content of
the saturated air, 30, and the moisture content of the air, 9+ x(0) —

x(t).



Therefore the differential equation is

dflit) =kx(t)(30 — (9+ z(0) — z(t)) = kx(t)(11 4+ z(t))
which can be converted to
dx

1 (dx dz
— | — - = kdt
11 ( x 11+ x)

which is separable. By integrating both sides, we get

1
T (logz —log(z +11)) = kt + co

1 =11kt + 11
I B +lle
— 1lj—$ = Cleklt (kl = 11]€,Cl = 61160)
11¢ ekt 11
- z(t) = ac = (c2=1/c1)

1 —crefit cgehit — 1
By applying the initial condition,

11
:E(O):C2_1:10 — g =21

Since it takes 1 hour to lose 4 1b of moisture,

11
— 21-6e7 M =17
2.1-6
k1 =1 .
I T
To lose 80% of moisture, 10 x 0.8 = 8 b, it takes ¢; hours, i.e.,
11
x(tl): 216 =10-8=2
2.1letloe 57 1
— 4.2e7hloe % — 13
i 2.1-6 1 13
— — = —
L8 T T8
log 2
— h=— 512~ 377229541 (hours).
17

e Excercise 16A, #39. (p.156)
(a) Let



— D: the distance between the earth and the moon,
— m: the mass of the particle,
— M,: the mass of the earth and
— M,, = M./81: the mass of the moon.
Then

— F,, the gravitational attraction by the earth, is

M.m M.m
Fo=-G———==-G———"+—
(9D/10)2 81(D/10)?
and

— F,,, the gravitational attraction by the moon, is

M,,m M.m/81
F,=-G =—-G
(D/10)? (D/10)?
Since F, = F},, The particle is at rest.

(b) Let
— r: the distance of the particle a from the center of the earth,
— v(r): the velocity of the particle when the distance is r,
— a(r): the acceleration of the particle when the distance is r,
— R.: the radius of the earth and
— R,,: the radius of the moon.

Note that the acceleration is

_ dv dr dv dv

“Ta T arar ~ dr
The force on this particle is composed of the gravitational attraction
from the earth and the moon. Considering the direction of each force,
we get the differential equation
dv M.m M,,m
F= =mv— = -G G
= mg, r2 + (D —r)?
dv M., M,,

- a0 m)
dv _ gR: = gmB

M,
— = . = G—,gm = G—~
- ' r2 (D —r)? (g R2 g R2, )
The differential equation can be converted to the separable form

gR:  gmR
’Ud’l): < 712 + m dT

Integrating both sides, we get

29R?  2g,, R?
p2 = 29t | 29mltn | o
T D—r



By applying the initial condition v(R.) = vo, we get

29R?>  2g,,R?
2 e m-itm
="Te dmm o
) R. + D_R, +
QQRg 2ng12n
¢ Ug Re D — Re '
['herefore
29R?>  2g,,R? 29 R?
2 e m-im 2 R m-tm
= - I —— - 2 e - .
(U(T)) r D—r Yo g D — Re

(c) As the hint says, we want the velocity to be zero when the particle
reaches the ‘neutral’ point, r = 9D/10. Therefore, with the condi-

tions R2, = 6R2/81, D = 61R, + R./4 = L3R, and g, = /6, we

get
2gR? 29, R? 29, R2
9D102: ¢ mZrm 2_2R€_ mAly,
wODN)" =550 D= (9py10) T 0~ W~ DR,
2gR2 16 2gRZ 16 29R2
= c R € _ 2 . — —— e
op/10 T 681 D/0 0 T 290 T Gy -
2-10-4 2-10-4 2.4
= _ 2 _ Re 2
(9~725 TS 81.241)9 UG
~ —1.96gR. + v = 0.
Therefore,

vg = 1/1.96g R, ~ (0.99)v/2¢gR..
Note that \/2g R, is the ‘escape velocity’ found in the Example 16.36,
#4. (p.146)

e Excercise 17B, #6. (p.176)
In the figure, the slope of the tractrix is (keeping in mind that y <1)

% = tanf = #
d;r _ /l2_y2

(Note that, since 6 > /2 in the figure, tan§ < 0 therefore we should take
—/12 — y2 not /12 — y2.)

Let u? =12 — y? hence

d
2udu = —2ydy —dy= _uan
Yy



The differential equation becomes a separable form

udu _ ydx
y a U
w?du

- m:df

— Y du = 2dx
l—u l+

— ! + ! —2 ) du = 2dx.
l—u 14w

By integrating both sides, we obtain

—llog |l —u| +llog |l + u| — 2u =2z + C.

l
— lloglL—QU—Qac—i—C
u

l (14 u)?

— z:§1og127u2 —u—C/2
l+u

— zrz=llog ———u—-C/2

S a— /

— ¢ =llog——— +‘ il —VI2=y2-C/2.

Since the boat was at (0,1) initially,
0=-C/2 —C=0.
Therefore the tractrix is

1+ 12—y27

x = llog 12 —y2.



