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Representation of a line

How can we represent a line segment connecting py = (2o, y0) and
p1 = (z1,91)7
1. Explicit representation

y1—% . Zo(y1— o)
T1 — T T1 — T

y=f(z)=mx+b=

=+ Yo,

where g < z < x7.
2. Implicit representation

g(x,y) = ax+by+c

= (y1 — yo)r — (x1 — 20)y — wo(y1 — Yo) + vo(z1 — Zo)
=0

where xg < x < z; and yo <y < 1.
3. Parametric representation

p) = | 2 [ —a-u | 2]

y(u) 2

M

where 0 < u < 1.



Representation of a 2D curve

1. Explicit

> y=f(z)

» “What is the value of y for a given 7"
2. Implicit

> g(z,y) =0

» “Which (z,y) pairs satisfy the given equation?”
» memebership

3. Parametric
o [ @)
p(u) { y(u) :| € R?

“How the point (z(u),y(u)) changes as the parameter u
changes?”

» z(u) and y(u) are both functions of w.
» Mapping from 1D a real line to the curve.

>



Representation of a circle

How can we represent a circle with radius r > 0 centered at (0, 0)
in each representation?

1. Explicit representation (for upper half)
y=/r2 — 22

where —r < x < r.

2. Implicit representation

332—|-y2—r2:0.

3. Parametric representation

where 0 < u < 27.



Parametric curves

» Easily extended to any dimension.
(u)
ex) 3D curve: p(u) = | y(u)
z(u)

» Velocity

d 7
P = | g



Representation of a surface

1. Explicit representation

Z = f(xay)
Example:
z = /r? — 22 — y? (upper hemisphere)

2. Implicit representation

g9(x,y,2) =0
Example: 22 +y2 + 22 — r2 = 0 (sphere)

3. Parametric representation

z(u,v)
p(t)= | y(u,v) | €ER?
z(u,v)
campe )= [ 1= ][ 20 2 ][40

where 0 < u,v < 1 and Py, Po1> P10s P11 € R3. (bilinear
patch)



Parametric surface

» How to find the normal vector at p(u,v)

1. Tangential vector along parameter u:
z(u,v)
y(u,v)
z(u,v) |
long parameter v:
z(u,v)

y(u v)

v z(u v) |
3. The tangent plane is defined by two vectors dp/0u and

Op/0v, therefore the normal vector at p(u,v) is

0
—p(u,v) =

; %I@%’IQ%I@

2. Tangential vec:co

Q‘|®%’|Qa

0
£ (u,v) =

0 0
n(u,v) = %p(u,v) X %p(u,v)



Parametric curves

p(u) =) pibiu), 0<u<l
7=0

» (Usually) flexible and robust

> {pj i are called control points.

> {b;(u)}}_, are called basis functions.

» Whiat kind of function to choose for b(u)?
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Design criteria

» Local control of shape
Small changes of input should cause only small changes of
output.

» Smoothness and continuity
The curve should be smooth enough.

» Ability to evaluate derivatives

> Stability
Evaluation of curves should be stable.

» Ease of rendering
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Parametric polynomial curve

1. Now we chose parametric form of curves:
n
p(u) = 3" p;b;(u) = Pb(u)
j=0

where
T
b(u) := [bo(u) -+ by(u)]

2. What kind of basis function to choose?

— polynomials
3. Which degree?

— mostly two (quadratic) or three (cubic)
4. Which ‘basis’ of polynomial to use?

4.1 Power basis

4.2 Interpolating polynomial

4.3 Hermite basis

4.4 Bernstein-Bézier basis
4.5 B-spline



#1. Polynomial curves with power basis

>

n
pu)=> pp/ = Pu
=0
where
P:=[py pp -+ Py1 Dy
u = [1 w oe- utt u”]T.

> Defined by n + 1 control points {p;}_.

» Example (quadratic):

vV v v Y

p(u)z[_HJ{_g]w[g]u?, 0<u<l1

Non-intuitive relation between control points and the curve
Non-local control
Unstable evaluation

Non-invariant under affine transformations
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42

Interpolating polynomial

» Define a polynomial curve such that
p(k/n)=p,, 0<k<n.

— Intuitive relation between control points and the curve!
» How to find b(u)?
1. Let

p(u) = ijb(u) = Pb(u) = chuj =Cu
§=0

where
P:=[py, - P,



#2. Interpolating polynomial (cont'd)

> 2. Set a system of equations

P = [p(0) p(1)]

1 1 1 1

o 1 n=l
“fw o owl| L T '

0 ()" (= 1
=:CA.



#2. Interpolating polynomial (cont'd)

» More intuitive relation than power basis form
» Local control, but not good
» Still not stable evaluation

» Invariant under affine transformations
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#3. Hermite basis

» How about using different ‘controls’?

» Two ends points to be interpolated. (p, and ps)
» Two derivarives at each end points. (m and ms3)

— Cubic polynomial required.
> p(u) = Pb(u) == [py p3 mo ms]b(u).
» How to find b(u)?

1. Let p(u) = Pb(u) = Cu.
2. First,

p(0)=co=p, and p(l)=co+eci+c2+c3=ps.

3. Next, since
pu)=C[0 1 2u SUQ]T,

we get

p'(0)=ci=mg and p'(1)=cy+ 2cy + 3c3 = ms.



#3. Hermite basis (cont'd)

> (cont'd)
4. Now we get a system of equation

P=[p, p; mo my]

= [C() C1 C2 03}

oSO o O

N
b(u) = A 'u

1 0 -3 2

loo 3 -2

I T 1

0 0 -1 1

—_ = = =

o o= O
W N = O



43,

Hermite basis (cont'd)

0.8 —
0.6 —
0.4 —

0.2 -

hoo
h10
h01l =——
h1l

» Intuitive control

» Local control

» Invariant under affine transformations (bo(u) + b1 (u) = 1)
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Bernstein polynomial
Bernstein polynomial (of degree n)

_)uj(l — )"

are binomial coefficients.
Note that B} (u) = 0 for j <0 or j > n.

ol Byl LF]

—
Bl \\ >

Bistt) Bialt) B; iU]

O

where




Bernstein polynomial (cont'd)

Properties

» Recursive

Bj(u) = (1 —u)B} ™ (u) + uB} 7 (u)

» All non-negative for 0 <u <1
B;-L(u)zo, 0<j<n,0<u<l.

» Symmetry
B} (u) = B,_;(1 —u).

» Partition of unity

+— binomial theorem


http://en.wikipedia.org/wiki/Binomial_theorem

Bernstein polynomial (cont'd)

» Degree raising

(- u)Bw =",

J

(u).

» Derivative

By (w) = n(B)7 () ~ By~ (w).

» Subdivision



Bézier curves

p(u) =Y p;Bj(u)
j=0

where B7(u) are Bernstein polynomials of degree n.
Properties:
» p(0) = py and p(1) = p,, — “endpoint interpolation”

» p(u) # 0 for 0 < u < 1 — Control points except two end
points are not interpolated.

> >0 Bj(u) =1
» “convex hull property”
» Invariant under affine transformations
» Entire curve lies in the convex hull of the control polygon

» B}(u) = B;;_;(1 —u) — symmetry

> argmax, B (u) = j/n — local control



Bézier curves (cont'd)

> Z lBgl(u) = u — "linear precision”

» Derivative

> A degree n — 1 Bézier curve with its control points as vectors.
> Lp(0) = n(p, —py) and £Lp(1) = n(p, —p, 1)
» Subdivision

Z (ZPkB] > BP(u)=> p;B}(cu), 0<c<l1.
7=0

7=0



Example: Cubic Bézier curve subdivision
Cubic Bézier curve subdivision (¢ =1/2, n = 3)

Since
By(1/2) =1,
By(1/2) = Bi(1/2) = 1/2,
Bj(1/2) = B3(1/2) = 1/4, Bi(1/2) =1/2,
Bj(1/2) = Bj(1/2) =1/8,  B{(1/2) = Bj(1/2) = 3/8,

1
+5(Py +p1) B} (u)

1
+ 5 (Po +2p1 + P2) B3 ()

1
+ 5 (Po + 31 + 3py + p3)Bj (u).



Evaluating Bézier curves: de Casteljau’s algorithm

A Bézier curve (of degree n) p(u) := p{j(u) can be evaluated by
the following recursive form:

B 1 1 7":1’...771
() = (1= g )+ upl ), {j o

with pg-)(u) := p; (the control points).
— “repeated linear interpolation”
Example (cubic Bézier curve):

po(u) == py
py(u)
pl(u) :==p pj(u)
pi(u) pi(u) == p(u)
ph(u) :=py pi(u)
py(u)
pg(u) =DP3

‘", . LA
— "“triangular scheme



Tensored Bézier Patch

A tensored Bézier patch of degree (ny,n,) with
(ny + 1) X (ny + 1) control points

p070 PEEEEY p07‘] PEEEEY p07n,u
Dio - Pij -  DPin,
pnu70 pnuv] pnuynv

is defined as

pu,v) =35 pyy B (u) B (v).

i=0 j=0



Tensored Bézier Patch (cont'd)

A tensored Bézier patch can be considered as a collection of
infinite number of Bézier curves, i.e., at u = ug,

Ny Ny

=0 5=0

= Z (i pi ;B (U0)> B (v)
7=0 \i=0
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Motivation

“What if we need more flexibility?"
— With Bézier curves, we should either

1. raise the degree or — too smooth curves
2. connect pieces smoothly. — restriction required

— B-spline curves



Uniform cubic B-splines

A B-spline with control points {p_;, Py, P;, P2} is defined as

3
Sg(u) = Zp—l—i—jb?(u)v u € [0’ 1)
j=0

where
3 1 3
) o= (1)
1
b3 (u) == 6(4 — 6u? + 3u®)

1
b3 (u) == gL+3u+ 3u? — 3u®)



Uniform cubic B-splines (cont'd)

08 r

06 r

04

02 r

The cubic uriform Bspline basis fundions

ksp0(x)
lsp (x)
lasp2(x)
bsp3(x)

0z 04 06 08

(image courtesy of gnuplot)




Uniform cubic B-splines (cont'd)
More generally, the k-th segment with control points
{DPt_1:PrsPrs1,Prso} of a B-spline is defined as

3
i U) :Zpk—1+jb?(u_k)v u € [kvk"i'l)

A B-spline on u € [0,m + 1) is composed of the B-spline segments

s3(u), -+, 83, (u) with control points {p_1, - , P42}
m—+2
u) = Z ij3(u )
j=—1
where
b§(u+2) € [-2,-1)
b3(u+1) we[-1,0)
N3(u) := { b} (u) €[0,1)
bi(u—1) uellL?2)
0 otherwise.




Uniform cubic B-splines (cont'd)

Cubic (4-th Order) B-Spline Basics

pC
Control _p“B
Points - Actual Curve,
\ “ 2|Segments
L 4 pD
e
—
Knots S >
~ Basis Functi|ons / "\

SLIDE: order 4; controlpointlist (pA pB pC pD pE); {uses knots 9}
(image courtesy of Carlo H. Séquin at UC Berkeley)



Properties of uniform cubic B-spline basis functions

» Non-negativity: N3(u) >0, Vu.

» Local support

N3(u) >0 wuel-2,2)
=0 otherwise.

» Partition of unity

i N3(u) = 1.

j=—00



Properties of uniform cubic B-splines

» Invariant under affine transformations
» Convex hull property

» Control points not interpolated

» C'! continuity

At u =k,
dSk 1 Zpk 245 de & _uk H L
- 1
= Z:pk—Q—l—jd_zj(l) = 5(—Pk—1 + Pry1)
and

ds db3(u —k)
k Zpk 45— 5 du

u=k

; 1
= Zpk—l—i-jd_lj(o) = 5(—Pk—1 + Prt1)-



Properties of uniform cubic B-splines (cont'd)

» C? continuity

At u =k, 5

dsy_

Wl(l@) = Pi — 2Pp41 + Piyo
and 5

dsy,

T (k) = P — 2Pj11 + Pryo-
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Non-uniform B-spline curves

Given m knots {uJ} o U with ug < uqg < -+ < w1, a B-spline of
degree n is defined as

s"(u) = Z ijf(u), U € [Un, Upm—n—1]

where the basis functions are defined recursively (Cox-de Boor
recursion):

0, otherwise
NF(u) = 2= NF=L () 4

(A —Uu
Jj+k+1 k—1
U]+k — Uj

j+1
Ujik+1 — Ujp1 7



Properties

Properties of basis function

>

>

Non-negativity and local support:

=0, otherwise.

Partition of unity: 322 NP'(u) = 1.

j=—o00

Properties of Non-uniform B-splnes curves

>

>
>
>

v

Invariant under affine transformations

Convel hull property

C™1 continuity (at the “joints”)

Each point (on the curve) is “controlled by” (or “affected
by") n + 1 control points.

Each control point “affects” n + 1 curve segments.



de Boor's algorithm: Evaluating B-splines

“How to evaluate s"(xz)?"
1. Find u; and w41 such that € [uy, ujq].
o] ._ .
2. Setd;" :=p;forj=1—-mn,--- L
3. Compute

k=1,---,n,

]:l—n—i—k”l

k k—1 k—1
i = (1~ o)l g ok {

with
T — U,
Ujtn+1—k — Uj


http://en.wikipedia.org/wiki/De_Boor's_algorithm

NURBS: Non-Uniform Rational B-Splines

Curves represented by rational polynomials.

Niw; Ej Njw;p;

Zpﬂz Nrw; >, N'w;

More control than NUBS. (e.g., perfect circle)
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Rendering Curves

1. Evaluates the polynomial expression at (arbitrary) sample
points and render piecewise linear curve.
» Horner's method for power form

» de Casterljau’s algorithm for Bézier curves
» de Boor's algorithm for B-splines

2. Subdivision of control polygon to approximate the curve.
(Bézier curves and B-splines)
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